


Correlation
= Because of the orthogonality, the two integrals of the cross
product a zero

= This result can be extended to any number of mutually
orthogonal signals

— Signal Comparison: Correlation
= Two vectors g and x are similar if g has a large component

along x
« In other words, if cis large, g and x are similar
o.X 1
== = Z.X
« A defective measure XX |}: T

— The amount of similarity between g and x should be
independent of the lengths of g and x

= [f we double the length of g, the amount of similarity
between g and x should not change but here doubling g
doubles the value of ¢, where as doubling x halves the value
of c



Correlation
— Similarity between two vectors is indicated by the angle
between the vectors

= The smaller the angle, the larger is the similarity and vice
versa
The amount of similarity can therefore be conveniently
measured by cos@ ,

- X
A suitable measure would be ¢, =cosé& = |

L=

|

g

This measure is independent of the lengths of g and x
This similarity measure is known as the correlation coefficient

—1<¢, <1
If the two vectors are aligned, the similarity is maximum c, =1)

Two vectors aligned in opposite direction have maximum
dissimilarity (¢, =-1)

If two vectors are orthogonal, the similarity is zero (c, =0)



Correlation
— Considering the signals over the entire time interval from

—w fo + To make ¢ independent of the energies (sizes) of
g(r) and x(7), we must normalize ¢ by normalizing the two
signals to have unit energies

Thus the appropriate simihriw index c, is given by

c. = Tﬂ.ﬂ'f
"= JEE, Ig £ )x(

Multiplying g(7) or x(z )b}-’ any constant has no effect on this
index thus it is independent of the sizes of g(r) and x(7)
Schwarz inequality states that for two real signal g(s) and
x(7) "= }

_ j ot )x(r)dr

=
o

<E_E

£

X

thus ~l<¢, =1



Correlation

— If g(r)=Kx(¢) ,then ¢, =1 when K is a positive constant

and ¢, =—1 when K is any negative constant and ¢, =0

if g(t) and x(z) are orthogonal

Thus the maximum similarity [g(z) = Kx(¢)] is indicated by

c, =1, the maximum dissimilarity [g(¢)= —Kx(¢)| is indicated

by ¢, =—1

and when two signals are orthogonal, the similarity is zero
— We may view orthogonal signals as unrelated signals

= Maximum dissimilarity is different from unrelatedness

= We have the best friends ¢, =1, worst enemies ¢, =—1 and
complete strangers ¢, =0

— For complex signals

o=z |20

(¢ )dt



— Example

» Find the correlation |

Correlation

&0 2, 8,1
i 1
Q.5 |
0 L 5 0 r—» 5 0 = $
(a) (©) «©)
“4(".' g‘“)
-5 [
[ 2
n 1-—- 5 Ul e
|
(c) n

between x(¢) and gi(t),i:1,2,3,4,5,6

1g)



Application to signal detection

— Correlation measures the degree of similarity between two
signals

= Consider the case of binary communication, where two
known waveforms are received in a random sequence

= Each time we receive a pulse, our task is to determine which
of the two (known) waveforms is received

= To make the detection easier, we must make the two pulses
as dissimilar as possible, which means that we should select
one pulse as the negative of the other pulse. This gives the
highest dissimilarity ¢, =-1

« This scheme is known as antipodal scheme
= We can use orthogonal pulses which resultin ¢, =0
= In practice both these options are used, although antipodal

one is the best in terms of distinguishability between the two
pulses



Application to signal detection
— Let us consider the antipodal scheme in which the two
pulses are p(r) and -p(r)
The correlation coefficient ¢, of these pulses is —1

The receiver consists of a correlator that computes the
correlation between p(t) and the received pulse

If the correlation is 1, we decide that plt) is received

If the correlation is -1, we decide that — p(¢) is received

= Due to channel noise and distortion, the correlation

coefficient has a smaller magnitude thus reducing the
distinguishability

= We use a threshold detector, which decides that if the
correlation is positive, the received pulse is p(t) and if the
correlation is negative, the received pulse is — p(r)



Application to signal detection
— Application of correlation to signal detection in a radar

= A signal pulse is transmitted in order to detect a suspected
target and if a target is present the pulse will be reflected by
it

= By measuring the time delay between the transmitted and
received pulses (reflected) pulses we determine the distance
of the target

= Let the transmitted and reflected pulses be g(z‘) and :(r)

respectively =
_ (#)x(z)dr =0
Fu _\/?_E‘E :[Dg )1‘( )(]

« Because the two pulses are disjoint (nonoverlapping in time)

= To avoid this difficulty, we compare the transmitted pulse
with the received pulse, shifted by 7




Correlation Functions

= If for some value of 7, there is a strong correlation, we not
only detect the presence of the pulse but we also detect the
relative time shift of z(z) with respect to g(r)

= For this reason we use the modified integral v,.(z), the cross-
correlation function of two real signalsg(7) andz(t)defined by

=

o (0)= [ 2lo)ele+ i

—

= Autocorrelation function

« The correlation of a function with itself is called autocorrelation

« The autocorrelation function wg{r} of a real signal g(.f ) is defined
as:

W, (_r_}: Tg(f):{f + 7 [t

« Autocorrelation function provides a valuable spectral information



=

Autocorrelation Examole“

£l "
0 | ; —o
e (®)
i —
ol . T T4l -

Figure 219 Physical explanation of the autocorrelation function.



Signal representation by orthogonal set

— Representing a signal as sum of orthogonal signals
* Insight can be gained from a similar problem with vectors

* A vector can be represented as sum of orthogonal vectors,
which form the coordinate system of a vector space

— Orthogonal vector space

* Consider a three dimensional Cartesian vector space,
described by three mutually orthogonal vectors X1, *; and X,

* Approximate a three dimensional vector € in terms of two
mutually orthogonal vectors X, and X,

g=c X+, X,
The error in this approximation is

e=g—(c,x,+¢,%,)

g =G K1+{“3 }ij-l-E



Signal representation by orthogonal set

— Representation of a vector in three dimensional space




Signal representation by orthogonal set

* The length of e is minimum when e is perpendicular to the
X, —X, and ¢x; and C;X, are the projections (components) of

gon xi and X, respectively o x 1

L

Where the constants ¢, and ¢, are given by ¢=_—= | T 8.X
2 X |x

* Now the best approximation to € in terms of all the three
mutually orthogonal vectors X; , X, and X;

g =X +0,x, +03X,

A unique choice of ¢;, ¢, and ¢, exist for which the above
approximation becomes an equality
g =X +C X, + O3,
* In this case ¢,x,, c,x, and ¢,x

and x,, respectively

, are projections of g on x,, x,,



Signal representation by orthogonal set

* The error in the approximation is zero when g is
approximated in terms of three mutually orthogonal vectors
X,, X, and x,

« This is because g is a three dimensional vector and the vectors x,, x,

and x, represent a complete set of orthogonal vectors in three
dimensional space

« Completeness here means that it is impossible to find in this space
another vector x,, that is orthogonal to all three vectors x;, x, and x,

« Any vector in this space can then be represented (with zero error) in
terms of these three vectors. Such vectors are known as basis vectors

= If a set of vectors {x,} isnotcomplete, the error in

approximation will generally not be zero
« Thus in a three dimensional case, it is generally not possible to
represent a vector g in terms of only two basis vectors, without an
error
— The choice of basis vectors is not unique and infact a set of
basis vectors corresponds to a particular coordinate system




Signal representation by orthogonal set

— A three dimensional vector g may be represented in many
different ways, depending on the coordinate system used

* If a set of vectors {x,} is mutually orthogonal, that is, if

ji] 11 = H
. —

» If this basis set is complete, a vector g in this space can be
expressed as

* Where the constants c; are given by

c=ETi ] g.X .. i=1.2.3




Orthogonal Signal Space

— Orthogonal Signal Space

= The orthogonality of a signal set x,(¢).x,(¢)......x,,(¢) over the

interval [¢,.7, ]
Iz

‘[xm (#)x, (2 )dt = ;0

E, m=n

= 7l
Iy

* If the energies £, =1 for all n, then the set is normalized and
is called an orthonormal set

= An orthogonal set can always be normalized by dividing x, ()

by .JE, for all n

— Consider approximating a signal g(t) over the interval |t,.1,]
by a set of N mutually orthogonal signals x,(z). x,(¢)...... x,,(¢)

g(r) = X, (r)+ C,X, (3‘)+ O Xy, (r)



Orthogonal signal space

g(?‘ = G, X, (?‘)4— CyX, (?‘)—|— s O Xy (r)

.
=>c,x,(7) f=t<t,
n=1

— The energy of error signal is minimized if we choose

| (), (e )ar
Cn = : iy
rl'jﬁ{f)df
F-_
:Eiigi:f}ﬁ'n{f}df n=123---N

Mo

= Moreover if the orthogonal set is Complete, the error
energy approaches zero —» ()



Orthogonal signal space
e
And the approximation is now an equality

g(t)= e, (1) + oy (1) 4+ ey, (£) + -

=chxn{r} t<t<t
n=1

=]

Because the error energy approaches zero, it follows that the
energy of g(¢) is now equal to the sum of the energies of it’s
orthogonal components ¢,x, (7). c,x, (¢ ). cyx, (7). -

The series on the right hand side is called the generalized
Fourier series of g(7) with respect to the set {x_(7)}

When the set {x,(¢)} is such that the error energy £. —0 as
N — = for every member of some particular class, we say
that the set {x,(7)}is complete on [fl._ rz] for that class of g(7)

, and the set {x (#)}is called the set of basis functions or
basis signals



Example

— Approximation of rectangular function by orthogonal
function

— In example:2.5, Page 33, a rectangular function g(t) is

approximated by sin(t) by _ (1) = 4

sin

T

— Functions of type sin(nwt) and sin(mwt) are mutually
orthogonal over one period

gt)=Crismr+Crsm 2f+........+ Crsin it
] 4
Cn=—_.n=o0dd

Fregl

Cn=0.1n1 = even

4 . 1 . 1 . 1 .
gt)z—(sinf+—sin3f+—sinSt+—sin7F+........ )
T 3 5 7



Signal representation by orthogonal set

— Representation of a vector in three dimensional space




Signal representation by orthogonal set

El

* Now the best approximation to € in terms of all the three
mutually orthogonal vectors X; , X, and X;

g =X +0,x, +03X,

A unique choice of ¢;, ¢, and ¢, exist for which the above
approximation becomes an equality
g =X +C X, +C3X;
* In this case ¢,x,, c.x, and ¢,X, are projections of gon x,, x,,

3
and x,, respectwel};



Signal representation by orthogonal set

* The error in the approximation is zero when g is
approximated in terms of three mutually orthogonal vectors
X,, X, and x,

« This is because g is a three dimensional vector and the vectors x,, x,

and x, represent a complete set of orthogonal vectors in three
dimensional space

« Completeness here means that it is impossible to find in this space
another vector x,, that is orthogonal to all three vectors x;, x, and x,

« Any vector in this space can then be represented (with zero error) in
terms of these three vectors. Such vectors are known as basis vectors

= If a set of vectors {x,} isnotcomplete, the error in

approximation will generally not be zero
« Thus in a three dimensional case, it is generally not possible to
represent a vector g in terms of only two basis vectors, without an
error
— The choice of basis vectors is not unique and infact a set of
basis vectors corresponds to a particular coordinate system




Signal representation by orthogonal set

— A three dimensional vector g may be represented in many
different ways, depending on the coordinate system used

* If a set of vectors {x,} is mutually orthogonal, that is, if

ji] 11 = H
. —

» If this basis set is complete, a vector g in this space can be
expressed as

* Where the constants c; are given by

c=ETi ] g.X .. i=1.2.3




Orthogonal signal space

g(?‘ = G, X, (?‘)4— CyX, (?‘)—|— s O Xy (r)

.
=>c,x,(7) f=t<t,
n=1

— The energy of error signal is minimized if we choose

| (), (e )ar
Cn = : iy
rl'jﬁ{f)df
F-_
:Eiigi:f}ﬁ'n{f}df n=123---N

Mo

= Moreover if the orthogonal set is Complete, the error
energy approaches zero —» ()



Orthogonal signal space
e
And the approximation is now an equality

g(t)= e, (1) + oy (1) 4+ ey, (£) + -

=chxn{r} t<t<t
n=1

=]

Because the error energy approaches zero, it follows that the
energy of g(¢) is now equal to the sum of the energies of it’s
orthogonal components ¢,x, (7). c,x, (¢ ). cyx, (7). -

The series on the right hand side is called the generalized
Fourier series of g(7) with respect to the set {x_(7)}

When the set {x,(¢)} is such that the error energy £. —0 as
N — = for every member of some particular class, we say
that the set {x,(7)}is complete on [fl._ rz] for that class of g(7)

, and the set {x (#)}is called the set of basis functions or
basis signals



Trigonometric FourierSeries /

—— Consider a signal set:

{1, cos wpt, cos 2wyt, ..., COS nwpt, ...,sin wyt, sin 2wot, ..., sin nwot, ...} (2.60)

0 n#m ]
/;0 cos. nawot oS mwot dt = [ 'ng St (2.6la)‘
0 Ry ;
. . — . ]
fr sin nwot sin mwot dt { @ 0 (2.61b)!
0 = {
and
/ sin nwot cos mwgt dt =0 for all n and m (2.61c)
2(t) = ay + a, cos wyt + a cos 2wyt + - - -
+ by sin wgt + b>sin 2ot + - - - n<tr<n+T7 (2.62a)
or
>0
o(t) = ap -+ Za,, cos nwot + b, sin nwpt Hh<rtr<n+T1 (2.62b)
n=1
where
2
op — —— (2.63)



.

Using Eq. (2.57), we can determine the Fourier coefficients ay, a,, and b,. Thus,

n+Toy
/ g(t) cos nwyt dt
a, = — (2.64)

n+7y
/ cos’ nwyt dt
hn

The integral in the denominator of Eq. (2.64) as seen from Eq. (2.61a) (withm = n) is Ty/2
when n # 0. Moreover, for n = 0, the denominator is Ty. Hence,

| HE )
apg = T g(t) dt (2.65a)
0 Jy
and
2 n+Ty
Gn — = g(t)cos nwyt dt =23 (2.65b)
0 Jy
Using a similar argument, we obtain
g) H+Ty- -
= }—/ g(t)sin nwot dt B—ik 003 0 (2.65c¢)
0 Ji



rigonometric Fourier Seri

a, cos nwot + by, sin nwyt = C, cos (nwot + 6,) (2.66)
where
e — V/a,,z + bnz (2.67a)
—b,
6, =tan” ( ) (2.67b)
an

For consistency we denote the dc term ag by Co, that 1s,

Co=ag (2.67¢)

Using the identity (2.66), the trigonometric Fourier series in Eq. (2.62) can be expressed in the
compact form of the trigonometric Fourier series as

2.9
8(t)=Co+ ) Cocos(nant +6,) n<r<n+Ty (2.68)

n=1\



Example 2.7 Find the compact trigonometric Fourier serw
e/xppaenfmﬁl e "2 shown in Fig 2.21a over intervaloest=nwn

2(0) |
| = ~tf2 (a)

5 I o T ........... =il o (c)

0 2 4 o 8 10 L
A
B,
(d)
— .’t?_ 3oy SRR IASE LTI SN RN e CSan i S ORI b Nt e L

Figure 2.21  Periodic signal and its Fourier spectra.



-

Because we are required to represent g(t) by the trigonometric Fourier series over the

interval 0 <t < 7, Ty = 7, and the fundamental frequency is

27
wy = — = 2 rad/s
Ty

Therefore, _

(©.9)
g(t)=ao+2a,,cos 2nt + b, sin 2nt O<t<nm

n=I|

where [{from Eq. (2.65a)]

1 - ’
ag = — e " dt = 0.50
T Jo
% = = e { 2 )
an == | e cos 2nt dr =0.504 [ — = )
T Jo \ P+ 16a-
and
2 . : : " &n
b, = — e "/2sin 2nt dr = 0.504 —
' T 0 ! I -+ 6=
Therefore,

= 2
g(r) = 0.504 [1 + > m(cos 2nr + 4n sin 2;::*)] 0 <
n=1
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Coi=as =0.504
P = 64n* 2
: € a,-:-+bg=o.504/ eyt ,q-—-o.sm( .._.___.)
\/ (LHl6n ) (0 +16n) V1 + 1602
—p,°
6, = tan™! ( ) = tan"'(—4n) = —tan"' 4n (2.69)
an

The amplitudes and phases of the dc and the first seven harmonics are computed
from Eq. (2.69) and displayed in Table 2.1. Using these numerical values, we can express
g(t) 1n the compact trigonometric Fourier series as

OC 7
(1) = 0.504 + 0.504 = cos 2nt —tan"'4n) O<t<m (2.70a)
g- ; V' 1+ 16n? 2

=0.504 + 0.244 cos (2t — 75.96°) 4+ 0.125 cos (4r — 82.87°)
+ 0.084 cos (6t — 85.24°) + 0.063 cos (8t —86.42°)+--- 0 <t < m (2.70b)

Table 2.1

n 0 1 2 3 4 5 6 7

C. 0504 0.244 0.125 0.084 0.063 0.0504 0.042 0.036
5 g 7566 w80 Sk um sy Sgeadit Pipakt g e ~87.95

e



}&Spectrum X/

~

« Amplitude Spectrum
* Phase Spectrum

 Frequency Spectra

There are two basic conditions for the existence of the Fourier series.

1. For the series to exist, the coefficients ag, a,, and b, in Egs. (2.65) must be finite. From
Egs. (2.65) it follows that the existence of these coefficients is guaranteed if g(¢) is absolutely
integrable over one period; that is,

lg(2)| dt < oc (2.73)
To

lg(?)| dt < o© (2.73)
To

2. The function g(t) have only a finite number of maxima and minima in one period,
and it may have only a finite number of finite discontinuities in one period.

These two conditions are known as the strong Dirichlet conditions. We note here
that any periodic waveform that can be generated in a laboratory satisfies strong Dirichlet

conditions.



%\

2 To/4 5. nr = el
ant— 7_—[ COS nwot dr = — sin (—)

—To/4 ni 2
O n even
2 =21"35 4001 3
= n=—1,5, 9, ST AN : - (2.74b)
- =3 ES
Tn :
2 [To/4 <
b, = — sin ntdt =0 (2.74¢)
TO —To/4

-y

In these derivations we used the fact that woTy = 2. Therefore,

j I 2 1 1 1 )
w(zr) = > - = (cos wol — 3 cos 3wgt + 3 cos Swpt — = cos 7wt + - - ) 2.75)

— COS x = cos (x — )

Using this fact, we can express the series in Eq. (2.75) as

1 2 1 1
w(t) = > — ; [cos wolt + 5 cos (Bwgt — ) + 5 COS Swyft

1 1
=5 7cos (7Twot — ) + acos 9wt +]

This is the desired form of the compact trigonometric Fourier series. The amplitudes are

Eoi—

o

2
n even
C"={i n odd
Thn
0 forallin =<3 711 15 -
=3 T S



— Corollary wol )

—_— : l ———

Figure 2.23  Bipolar square pulse periodic signal.

Another useful function that is related to the periodic square wave is the bipolar
square wave wo(f) shown in Fig. 2.23a. We encounter this signal in switching applications.
Note that wq(r) is basically w(7) minus its dc component. It is easy to see that

wo(t) = 2[w(t) — 0.5]

Hence, from Eq. (2.75) it follows that

A5 1 1 1
wo(t) = — (cos wot — 3 cos 3wyt + gcos Swot — = cos Tawgt + - - ) (2.76)
T
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EXAMPLE 2.9 Find the trigonometric Fourier series and sketch the corresponding spectra-for the periodic
= impulse train 8z, (f) shown in Fig. 2.24a.

lg(!)=8.ro(t)

[ X X J eeoo
(a)
= s 0 T 2T 3% ==

3o

(b)

10 78 20, 3Jwg 4wy Swg 6w 0—

Figure 2.24  Impulse train and its Fourier spectrum.



The trigonometric Fourier sertes for 87, (7) 1s given by

21
57'0 (z) = C() A Z Cn COS (rza)ot ~~ 9,1) wo = 7{)—
We first compute ag, a,, and b,;:
Ty/2 1
ay = = 5(t) dt — e
To J_1,2 To
9) Ty /2 o)
an = — 5(t) cos nwot dt = —
Io J-1972 Ty

This result follows from the sampling property (2.19) of the impulse function. Similarly,
using the sampling property of the impulse, we obtain

2 To/2
b, = — 5(t) sin nwpt dt =0
To )2
Therefore, Co = 1/ Ty, C, = 2/ Ty, and 6, = 0. Thus,
1 o0
o1, (t) = 70- (1 -+ Z;COS na)ot) 2.7

Figure 2.24b shows the amplitude spectrum. The phase spectrum is zero.



Exponential Fourier Series /

/ It is shown in Appendix A.2 that the set of exponentials e/"®' (n = 0,%1,%2, ...) is
- orthogonal over any interval of duration Ty = 27 /wy; that s,

/ ejmwo!(ejnwol)* dt =/ ej(m—n)wol = { 0 m #n

To To Ty m=n

Moreover, this set is a complete set.> * From Egs. (2.58) and (2.57) it follows that a signal
g(t) can be expressed over an interval of duration 7j seconds as an exponential Fourier series

(2.78)

o0 ’
doli= T Dok (2.79)
n=—00
where [see Eq. (2.57)]
1 :
D,=— [ g@®)e /" dt (2.80)
0JTy
C" i (nwyt+6,;) — j(nwyt+6,)
C, cos (nwot +6,) = > [e’ AN s e 2 S ]
G : G : :
S (Nl jrwyt R —jbn — jnaxt
—(2e )e’ +(2e )e 2
= D,e)"™ 4 D_ e /" (2.81)
where
D" = ;Cne""
l —j8
18 i = BT (2.82)



/\/

>

The compact trigonometric Fourier series of a periodic signal g(t) is given by

o0
8(t)=Co+ Y Cycos (naxt +6,)

n=|

The use of Eq. (2.81) in the preceding equation (and letting Cy = Dy) yields

o0
g(t) = Dy + Z (b sy e

n=|

00
n=~x (n#0)



/

EXAMPLE 2.10 Find the exponential Fourier series for the signal in Fig. 2.21b (Example 2.7).

el

= In this case, 79 = 7T. wg = 27t/ Ty = 2, and

where

T
S e—(x+Jj2n)
7 (3 + Jj2n)
0.504

= — 2.83
1 + j4n (¢ )

and
1

1 + jan =k e

@) = 0.504 i

i el 1 .
= 0.504 |1 T e e S s eI
[+1+j4e e S g

1 ; 1 : 1 :
PR SISl D F: — j4r — j6r Dy 2.84b
+1_j4e +—_1—j8e +-——————1_j12e <= ]( )
Observe that the coefficients D,, are complex. Moreover, D, and D_, are conjugates, as
‘expected [see Eqgs. (2.82)].



Exponential Fourier Spect

i i
|Dp| = |D-pn| = Ecn (2.85a)
LS — O and LI = —6, (2.85b)
Thus,
D, = |D,]e’% AR WD D e O (2.86)

Note that |D,| are the amplitudes (magnitudes) and 4D, are the angles of various
exponential components. From Egs. (2.85) it follows that the amplitude spectrum (| D,| vs. w)
is an even function of w and the angle spectrum (£ D,, vs. @) is an odd function of w when g(z)
is a real signal.

For the series in Example 2.10 [Eq. (2.84b)], for instance,

Doy = 0.504

0.504 2 = ~
D; = — = 0.122¢7759° — |D;| = 0.122 (LD; = —75.96°
0.504

D_
S d A

— 0.122’75°%° — |D_;| = 0.122 (D_; = 75.96°

and

0.504 - =
D, = T8 0.0625¢ /32837° — | D,| = 0.0625 LD, = —82.87°
)

0.504 e
= — 0.0625¢/3%%7° — | D_,| = 0.0625 /D_, = 82.87°
|
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Figure 2.25 Exponential Fourier spectra for the signal in Fig. 2.21a.

(a)

(b)



Exam%/\/

~~ Find the exponential Fourier series for the periodic square wave w(f) shown in Fig. 2.22a.

- We have
o0
w(t) = Z D, e/
n=-—00
where
| I
Dn Pt U.)(t)e jna)O- dt
TO Ty
To/4
— _[ o= it 4y
To/4
gt o (e-i"onoH ] ej'"onr;/“)
-J"ono

I
o)
v
=
e 3
=~
=|&
=3
e
I
- |___
-
il
.~
A
-~
2 =
N

nwo Ty



7 /T 3 ‘-,". : T .
i ' & ? -9..

" 0 >

3n

Figure 2.26  Exponential Fourier spectrum of the square pulse periodic signal.



ExampLe 2.12 Find the exponential Fourier series and sketch the corresponding spectra for the impulse train

d7,(¢) shown in Fig. 2.27.

80 = 8 (1)
A
200 6@
fa)
37 =p 0 T 2T, 3T, —>
Dy
1
Ty
L X R 0O
(b)
—~4wo ~3w9 -2m9 -~ Lo ®y 2w, 3wo 400 S5m9 6w 0>
Figure 2.27 Impulse train and its exponential Fourier spectra.
The exponential Fourier series is given by
= 2w
81, (t) = D,e!"™" @y = — (2.87)
0 Z : 0 To

n=—0o0



where

_—
~

fedff .
D, = — 81, (1)e /"N dt
Iy Jr,
Choosing the interval of integration (—Ty/2, 7;/2) and recognizing that over this interval
Orp (1) = 8(1),

| T2 .
D= — §(1)e™"*" dt
Ty J -1,
In this integral, the impulse is located at t = 0. From the sampling property of the impulse
function, the integral on the right-hand side is the value of e~ /"0t at t = O (where the
impulse is located). Therefore,

1
D, = — 2.88
T (2.88)
and-
[ : '271
or. (1) = — JRCOL = — 2.89
= Y. e @ = (2.89)

n=—00



Parseval’s theorem
— Parseval’s theorem

» Energy of a signal 1s equal to sum of energies of its
orthogonal components

g(f): C]=Y1_(_f)‘|‘i?3x2(f)-|—--++{?Hxﬂ(f)+.+.

2 2 2
Ee=c E +¢, E, +c¢, E, +--

2
— Z C.Ff En
n



y‘ml’sheorem X/

g(t) = Co+ ) Cycos (nwot +6,)

n=1

—
~

the power of g(¢) is given by

1
R 2
P, =Co" + 5 E €, (2:90)
For the exponential Fourier series

o0
g(t) = Do+ ) Dye™

n=—o0
n£0)

the power is given by (see Prob. 2.1-7)

'x’ .
= 8 i (2.91a)

nN=—00

For areal g(¢), |D_,| = | D,|. Therefore,

Py = Do’ +2) |D,f? (2.91b)



